TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 354, Number 4, Pages 1601-1630

S 0002-9947(01)02934-8

Article electronically published on October 3, 2001

THE INDEX OF A CRITICAL POINT FOR DENSELY
DEFINED OPERATORS OF TYPE (5;); IN BANACH SPACES

ATHANASSIOS G. KARTSATOS AND IGOR V. SKRYPNIK

ABSTRACT. The purpose of this paper is to demonstrate that it is possible to
define and compute the index of an isolated critical point for densely defined
operators of type (S4)r acting from a real, reflexive and separable Banach
space X into X*. This index is defined via a degree theory for such operators
which has been recently developed by the authors. The calculation of the index
is achieved by the introduction of a special linearization of the nonlinear oper-
ator at the critical point. This linearization is a new tool even for continuous
everywhere defined operators which are not necessarily Fréchet differentiable.
Various cases of operators are considered: unbounded nonlinear operators with
unbounded linearization, bounded nonlinear operators with bounded lineariza-
tion, and operators in Hilbert spaces. Examples and counterexamples are given
in [P, p > 2, illustrating the main results. The associated bifurcation prob-
lem for a pair of operators is also considered. The main results of the paper
are substantial extensions and improvements of the classical results of Leray
and Schauder (for continuous operators of Leray-Schauder type) as well as
the results of Skrypnik (for bounded demicontinuous mappings of type (S4+)).
Applications to nonlinear Dirichlet problems have appeared elsewhere.

1. INTRODUCTION AND PRELIMINARIES

The concept of the index of a critical point for densely defined operators of type
(S4+)r is introduced. The definition of this index is based on the concept of the
degree for operators of this type which was established by the authors in [3]. It plays
a key role in problems of solvability, estimates of number of solutions and branching
of solutions of nonlinear operator equations and nonlinear boundary value problems
for partial differential equations (see, e.g., [7] about applications of Leray-Schauder
type and [2], [LI] about applications for everywhere defined (S )-operators).

Let X be a real separable reflexive Banach space with dual space X *. The norm of
the space X (X*) will be denoted by |- || (|| - ||+).- We let R™ denote the Euclidean
space of dimension n and set R = R!. For g € X and r > 0, we let B,.(x0)
denote the open ball {z € X : ||z — z¢|| < r}. Unless otherwise stated, N is the set
of natural numbers. An operator A : X D D(A) — X* is “bounded” if it maps
bounded subsets of its domain onto bounded sets in X*. It is “compact” if it is
strongly continuous and maps bounded subsets of D(A) onto relatively compact sets
in X*. In what follows, the single term “continuous” means “strongly continuous”.
We denote strong and weak convergence by “—” and “—”, respectively. We consider
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an operator A : X D D(A) — X* with domain D(A) dense in some open set
Dy C X. We assume that there exists a subspace L of the space X such that

(1.1) DoNnLcC D(4), L=X.

Let F(L) be the set of all finite-dimensional subspaces of L.

Definition 1.1. We say that the operator A satisfies Condition (S5 )o,r, if for every
sequence {u;} C D(A) with

(1.2) uj = up, limsup(Auj,u;) <0, lim (Auj,v) =0,

j—oo J—00
for some ug € X and any v € L, we have
(1.3) uj; — up, UQ €< D(A), Aug = 0.

In (1.2), and the sequel, (h,u) denotes the value of the functional h € X* at the
element u € X.

Definition 1.2. We say that the operator A satisfies Condition (S ), if the op-
erator Ay, : D(A) — X*, defined by Apu = Au — h satisfies Condition (5S4 )¢,z for
any h € X*.

In the paper [3] we introduced the degree function Deg(A, D, 0) of the operator
A with respect to an arbitrary bounded open set D of the space X, provided that

(1.4) Au#0, forue D(A)NAD, D C Dy

and the operator A satisfies the following conditions:

A1) there exists a subspace L of X satisfying (1.1) and such that the operator
A satisfies Condition (S5 )o,1;

As) for every F € F(L), v € L the mapping a(F,v) : Dy N F — R, defined by
(a(F,v))(u) = (Au,v), is continuous.
Note. Actually, the degree theory in [3] was developed under the assumption that
Dy = X, which implies that L C D(A) and D(A) is dense in X. It is easy to see
that all that we need there is our current assumption: Dy N L C D(A).

We are now ready to define the index of a critical point of the operator A
satisfying Conditions Ap), Az).

Definition 1.3. A point ug € D(A)N Dy is called a “critical point” of the operator
A if Aug = 0. A critical point ug € D(A) N Dy is an “isolated critical point” of the
operator A if there exists a ball B,.(ug) C Dy which contains no other critical point
of the operator A.

As in the proof of Theorem 2.1 in [3], we can show that

Deg(A, B, (ug),0) = Deg(A, By(ug),0),
for every ' € (0, r].
Using this definition we have
Definition 1.4. The number
(1.5) limy Deg(4, B, (u0), 0)

is called the “index” of the isolated critical point uq of the operator A and is denoted
by Ind(A,uo).
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The purpose of this paper is the calculation of the index Ind(A,wug) by using
a linearization of the nonlinear operator A at the critical point. In the known
results, for Leray-Schauder operators [7l, Theorem 4.7] and bounded demicontinuous
operators of type (S;) [I0, Theorem 5.2], this linearization is given by means of
Fréchet or Gateaux derivatives at the critical points of the nonlinear operators
under consideration. We may further assume that uy = 0.

We now recall the assumptions for the calculation of the index in [11]. These
assumptions are given in a form that can be used later for the relevant unbounded
linear operators.

Let A: X D B,(0) — X* be a nonlinear operator which satisfies Condition (S5 )
and A(0) = 0. Assume that A has the Fréchet derivative A’ : X — X* at zero. Let

(1.6) Ze= |J {u: tAu+ (1-t)Au=0, 0< [Ju <e}.
te[0,1]

A’) The equation A’u = 0 has only the zero solution. There exists a compact
linear operator I' : X — X* such that

(A" +TD)u,u) >0, forue DA, u#0,

(L7) (A" +T)*v,v) >0, forve D((A)"), v#£0,

and the operator T'= (A’ +T)~'I": X — X is well defined and compact;
C') the weak closure of the set

(1.8) 06—{v—ﬁ : ueZE}

does not contain zero for some sufficiently small € > 0.

In (1.7) (A’)* is the adjoint of the operator A’. We note that in [I1] D(A’) = X
and the second inequality in (1.7) follows from the first. By the assumptions A4’), C)
n [I1], the value of Ind(A,0) is calculated in terms of the multiplicities of the
characteristic values of the operator T. We also note that in [I0] there is an example
demonstrating the fact that it is generally impossible to calculate Ind(A,0) without
Condition C).

A natural question arises now: how do we introduce a workable concept of lin-
earization for a densely defined operator? Before we formulate our new linearization
concept, we introduce the auxiliary operator Ag : X D D(Ag) — X* which satisfies
the following condition:

Ap) Ap is a bounded nonlinear operator which satisfies Conditions (S4)r, As2)
and is such that Dy N L C D(Ap), Ao(0) =0 and

We solve the problem of linearizing for the nonlinear operator A, satisfying Con-
ditions Aj), Asz), in the following way. We assume that there exist a nonlinear
operator Ay satisfying Ag) and a linear operator A’ : X D D(A’) — X* such that
D(A) € D(A’) and the next condition holds:

w) for the operator w : D(A) — X*, defined by w(u) = Au — A’u, we have

w(u)

—0 asu—0, ueZ,
[[ul
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for some ¢ > 0, where

Zi= U {uwen@al) : APu=0,0<ul<e}.
(1.9) t€[0,1]
ANy = tAu+ (1 —t) [Agu + A'u].

We remark that Condition w) is weaker that the conditions in terms of derivatives
in [II]. Using Condition w), it is possible to evaluate the indices of the critical
points even for operators which are defined everywhere, but not differentiable in
the usual sense. We shall formulate the relevant assertions in Section 2.

We shall assume that the operator A’ satisfies Condition (S);, which is given in
the following definition.

Definition 1.5. We say that the operator A’ satisfies Condition (S)y, if for every
sequence {u;} C D(A’) such that
(1.10) u; — ug, limsup(A'u; —h,u;) <0, lim (A'u; — h,v) =0,

j—o00 J—00
for some ug € X, h € X* and any v € L, it follows that
(1.11) up € D(A"), Auop=nh, lim (A'uj,ue) = (h,up).
j—oo

The main result of this paper is the evaluation of the index Ind(A4,0) under
the conditions A’), (S’)r, w) and C) (the last condition is satisfied with a special
choice of a set Z.). We are going to show, under some additional conditions, that
zero is an isolated critical point of the operator A and

(1.12) Ind(A,0) = (-1)",

where v is the sum of the multiplicities of the characteristic values of the operator
T lying in the interval (0, 1).

The exact formulation of the results concerning the value of the index of the
critical point is given in Section 3. In Theorem 2.1 we give a result of the general
situation of an unbounded operator A and an unbounded linearization operator
A’. More specific cases are given in the subsequent theorems of Section 2. In Theo-
rem 2.2 we consider the case of a bounded operator A of type (Sy )0,z with bounded
linearization operator. The evaluation of the index for a bounded operator A sat-
isfying Condition (Sy)r is given in Theorem 2.3. Finally, the case of operators in
Hilbert spaces is considered in Theorem 2.4.

In Section 3 we construct examples and counterexamples in the space I[P demon-
strating the possibilities for applications of the index formula and pointing out the
necessity of conditions on the operators in the results of Section 2. The first ex-
ample is connected with the evaluation of the index for unbounded operators with
unbounded linearization. The third example contains the construction of a bounded
operator of class (Sy)o,r such that the complement of its domain is dense in the
space X. The evaluation of the index of its critical point is also contained therein.
The second and fourth (counter)examples show that the main conditions 1) and 2)
of Theorem 2.1 are necessary.

The proof of Theorem 2.1 is given in Section 4. In Section 5 we discuss a problem
of bifurcation points for densely defined operators. We consider only the case of
unbounded operators A, A'.

The results of this work open the possibility of studying problems of branching
of solutions and the evaluation of the number of solutions for nonlinear elliptic
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problems in Sobolev spaces with strong coefficient growth. These problems can
be reduced to operator equations with unbounded densely defined operators, and
cannot be studied by the methods contained in the monograph [IT]. Such a problem
has been studied by the authors in [6]. Namely, we consider there the Dirichlet
problem

(1.13) > 81 {[eu + a(z)] g;’; } “du=0, zeQ,
(1.14) u(z) =0, z €09,

where a(z) is a positive, bounded and measurable function, and Q is a bounded
open set in R"™ with boundary 992 € C2. We showed in [f] that every eigenvalue of
odd multiplicity of the linear equation

n

> i ralgt ) -au=o0 cen,

with the boundary condition (1.14) is a point of bifurcation for the problem ((1.13),
(1.14)).

The reader is referred to [4] for recent results on the solvability of nonlinear
eigenvalue problems involving monotonicity conditions, and [5] for results on fully
nonlinear parabolic problems involving Condition (S).

2. FORMULATION OF THE MAIN RESULTS

Let X be a real separable reflexive Banach space satisfying the following condi-
tions:

X1) there exists a bounded demicontinuous operator J : B.(0) — X*, with
J(0) = 0, satisfying Condition (S;) for some r > 0;

X>) there exists a bounded linear operator K : X — X* such that (Kx,z) > 0,
for z # 0.

Condition (S1) in X;) coincides with Condition (S4)r when L = X. We also
note that the condition X1) is satisfied, e.g., if X, X* are uniformly convex. In this
case we can choose the operator J as in [11]. Condition X5) is satisfied if the space
X is included in some real Hilbert space H and the embedding operator X — H is
continuous.

Let A: X D D(A) — X* be an operator which satisfies Conditions A1), As)
and is such that

(2.1) (Au,u —v) > —C(v)

holds for w, v € L, ||u]] < rg, where 19 > 0 is a constant and C(v) depends only on
.

In order to formulate the main results of the paper we introduce certain subspaces
of the spaces X, X* connected with the operators A’ +T', T which are defined in
Condition A"). We first define two invariant subspaces of the compact operator
T : X — X. Denote by F the direct sum of all invariant subspaces of the operator
T corresponding to the characteristic values of this operator lying in the interval
(0,1). Let R be the closure of the direct sum of all those invariant subspaces of
the operator T not included in F. Then F' and R are invariant subspaces of the
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operator T' and the splitting

(2.2) X=F+R
holds in the sense of a direct sum. F is a finite-dimensional subspace of X and
(2.3) dimF = v,

where v is the same number as in (1.12).
We introduce a projection IT : X — F corresponding to the splitting (2.2):

(2.4) I(f+r)=f, for feF, reR.
We define, for small enough € > 0, the sets
Z.=2z.uZl,

(2.5) z!'= |J {ueD(@) : Au=0, 0< |u <e},
t€(0,1]

where A;u = tAgu + A'u, the operators Ay, A’ are defined according to the Con-
dition w) and the set Z! is introduced in (1.6).

Theorem 2.1. Let A: X D D(A) — X* satisfy Conditions A1), As), the inequal-
ity (2.1) and be such that 0 € D(A) N Dy and A(0) = 0. Assume that there exist
operators Ag : X D D(Ag) — X*, A : X D D(A") — X* satisfying Conditions
Ag), A", (8" and w), and such that the operator A+ gA’ : X D D(A) — X*
satisfies (S4)r, for any number ¢ > 0. Suppose that the following conditions are
satisfied:

1) the operator TI(A’ +T)~1 : X* > (A’ + T)D(A") — X is bounded, where the
operators I, T' are defined by (2.4) and A'), respectively;

2) Condition C) is satisfied with the set Z. defined by (2.5).

Then zero is an isolated critical point of the operator A and its index is equal to
(=1), where v is the sum of the multiplicities of the characteristic values of the
operator T lying in the interval (0,1).

We formulate below some particular cases of Theorem 2.1. In Theorem 2.2 we
assume that the operators A, A’ are bounded. Thus, Conditions (5)r, (2.1) are
automatically satisfied. Furthermore, by changing some arguments in the proof
of Theorem 2.1 we can establish an analogous result without assuming Condition
(S4) 1 for the operator A + qA’. We also note that in this case it suffices to assume
only the first of (1.7) in Condition A’).

Theorem 2.2. Let A : X D D(A) — X* be bounded and satisfy Conditions
A1), Ag). Assume that 0 € D(A) N Dy and A(0) = 0. Let there exist bounded
operators Ap : X D D(Ag) — X*, A" : X D D(A") — X* satisfying Conditions
Ap), A') and w). Suppose that Conditions 1) and 2) of Theorem 2.1 are satis-
fied. Then zero is an isolated critical point of the operator A and its index equals
(=1)¥, with the same number v as in Theorem 2.1.

In the next theorem we assume that the operator A satisfies Condition (S4)r
and both operators A, A’ are bounded. Then we can pick the operator Ag as the
operator ||u|?Au. In this case we can assume Condition w) with a set

(2.6) Z.= \J {uen) : Au=0,0<u<c},
t€(0,1]

where A;u = tAu+ (1 — t)A’u and in Condition C) we can take Z. = Z..
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Theorem 2.3. Let L be a subspace of the space X satisfying (1.1), and let A :
X D D(A) — X* be a bounded operator satisfying Conditions (S4+)r, Az2) and
such that 0 € D(A) N Ag, A(0) = 0. Assume that there exists a bounded operator
A" X D D(A") — X* satisfying Condition A’) and such that Conditions w) and
C) are also satisfied with the set Z. defined by (2.6). Suppose that Condition 1) of
Theorem 2.1 is satisfied. Then zero is an isolated critical point of the operator A
and its index equals (—1)¥, where v is as in Theorem 2.1.

Finally, we state one result for the special case of a Hilbert space H in place of
X. For simplicity, we consider only bounded operators A, A’. We use the following
assumption: there exists a positive constant ¢ such that

(2.7) (A" + D)u, u) = cl|ul|?

holds for all uw € H, where the brackets denote now the scalar product of the space
H.

Theorem 2.4. Let H be a real separable Hilbert space and A : H D D(A) — H a
bounded operator satisfying Conditions (S4)r, Az2), 0 € D(A)N Dy and A(0) = 0.
Assume that there exist a bounded linear operator A’ : H — H and a compact
linear operator I' : H — H such that the inequality (2.7) holds. Assume, further,
that Condition w) is satisfied with Z! = ZE, where Z. is defined by (2.6). Suppose
that the equation A'u = 0 has only the zero solution. Then zero is an isolated critical
point of the operator A and its index equals (—1)”, where v is as in Theorem 2.1.

Let us verify that all the assumptions of Theorem 2.3 are satisfied for operators
satisfying the conditions of Theorem 2.4. In fact, from (2.7) we obtain that the
operator (A’ 4+ T')~! is bounded and that Condition 1) of Theorem 2.1 holds. In
order to check the validity of Condition C'), we prove that for some sufficiently small
€ > 0 the set ZE is empty. Suppose that this is not true. Then there exist sequences
{u;} € D(A), {t;} C[0,1] such that u; — 0 and

(28) tjAUj + (]. - tj)A,u]‘ =0.
Then, by virtue of Condition w), we obtain

(2.9) (A'vj,v;) > 0 as j — oo, where v; = ﬁ

Uj
From (2.7) and (2.9) follows that the weak limit vy of a weakly convergent subse-
quence of v; cannot equal zero. From Condition w) and (2.8) we obtain A'vy = 0,
which contradicts the conditions of Theorem 2.4.

Remark 2.1. Tt is easy to verify that in the case of a bounded operator A’, as in
Theorems 2.2-2.4, we can assume instead of Condition w) a weaker condition: in
Condition w) we replace ||ul|~tw(u) — 0 by [Jul|~tw(u) — 0.

Remark 2.2. Theorems 2.3, 2.4 are also new even for operators which satisfy Con-
dition (S;), are defined everywhere in a neighborhood of the critical point and
have no derivatives in the usual sense. Examples can be constructed for these cases
analogous to those of Section 3.
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3. EXAMPLES AND COUNTEREXAMPLES

In this section we present some examples about our main results. We also give
some counterexamples in cases where certain main assumptions of our results do
not hold true.

We consider operators in the space X = [P consisting of all real sequences u =
{¢n} with finite norm

S =

o0
Jul = {zw} e

n=1

Example 3.1. Let us define an operator A; : X D D(A;) — X* by

[e )

N
(3.1) (Aju,v) = Z {7@2”_1|cn|”_1 +lenlP2 40— Z} Cndn,

n=1

where u = {¢,}, v = {d,}, and N is a positive number such that v/N is not an
integer. We define the domain D(A;) of the operator A; to be the set of all u € X
such that the right-hand side of (3.1) generates a functional in X*. Analogously, we
define the domains of other operators that will appear in this section. In particular,
we have

(3.2) D(A;) = {u ={en} €X : Z [0~ Ye, 7] 1o oo} .

n=1

In accordance with Section 2, we introduce the operators A; ¢ : X D D(A1,) —
X*, Al : X D D(A}) — X* by

(3.3) (A1,0u,v) = Z lenlP2endn,  (Alu,v) = Z <n - E) Cndn,

n=1 n=1
where u, v are the same as in (3.1). We note that D(A; ) = X.

Proposition 3.1. The operators Ay, A1, A} satisfy all the assumptions of The-
orem 2.1, respectively, zero is an isolated critical point of the operator A and

(3.4) Ind(Ay,0) = (—=1)",
where vy is the number [V/N|. Here, [] denotes the greatest integer function.
Proof. We introduce the finite-dimensional subspaces Fj of the space X by
Fi={u={c,} CX : ¢,=0, forn>j+1}

and let L = U;il F;. We first verify that the operator A; satisfies Condition
(St+)r- Let {u;} C D(A1) be such that u; — ug,
(3.5) limsup(Aiju; — h,u;) <0, lim (Aju; — h,v) =0,

j—o0

j—o0
for some ug € X, h € X* and any v € L. Let u; = {cn;}, uo = {cno}. From
u; — ug we obtain
oo
(3.6) Z len;IP <Ry, lim ¢y j =cpo, forn=1,2,...,
j—o0

n=1
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for some positive number R;. Using the first of (3.5) we get the estimate

(3.7) S0 e, P < Ry, forj=1,2,...
n=1

where the constant Ry > 0 is independent of j. From (3.6) and (3.7) we obtain

(3.8) Zn% Yep Pt <hm1ann2p Yen /7T
n=1

An analogous inequality can be obtained for

oo

Zn|cn,0|2.

n=1
Substituting {e} in place of v in (3.5) (where e, = {eg,n} with e, =1 for k =n
and ey, = 0 for k # n) we obtain from (3.6)

N
(3.9) {kzpl|ck,o|p1 + lewolP 2+ k- ?} Cro=hg, k=1,2,...,

with h = {h,} € I¥', p' = -2 From (3.9) it follows immediately that ug € D(A1)
and Ajug = h.
Let us now prove the strong convergence of u; to ug. From (3.1) we have

oo
> {lenslP2ens = lenol” - eno}(en = cno)
k=1

s N
= (Auj,u;) — Z {n2p1|cn’j|P+1 + <n — E) |cn,j|2}

n=1

o0
=Y lensl” P enicn0 — Z a0~ en0(cn,i = cn0)-
n=1

Evaluating the left-hand side of the last equahty and passing to the limit as j — oo
by virtue of (3.5), (3.6) and (3.8), we get, for some positive p,

oo
pa s = wol|P < (hyug) = {712”1|Cn,o|p+1 + [enol” + (n —~ E) |cn,o|2} =0.
n=1 n

The equality is established by virtue of (3.9), and the proof of Condition (S4)r, is
complete.

The fact that Condition Ag) holds for the operator A; ¢ is now clear. It is also
easy to check the validity of Condition A’) for the operator A}). We choose an
operator I'; by the formula

> N
3.10 (T -
( ) 1U, V) Ez -
Then
N
Tiu = {ﬁcn} ,  for u={cn},

and the operators I';, T are compact. Inequalities (1.7) are clearly true. We can
check the validity of Condition (S”), for the operator A} in a manner analogous to
that of the proof of Condition (S, ) for the operator A;.
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We verify that condition w) is satisfied. If u belongs to the set Z., defined by
(1.9), we have

N
(3.11) {tnz”_l|cn|”_1 + lenP72 + (n — Z) } cn=0, forn=1,2,...,

which implies that ¢, = 0 for n > v/N. This means that Z! C F,,, where vy is the
same number as in (3.4). A simple calculation finishes now the proof of the validity
of Condition w).

In order to check Condition 2) of Theorem 2.1, we note that the inclusion Z C
F,, follows as in the case of Z., which shows that Condition C) holds. The rest of
the assumptions of Theorem 2.1 can be easily shown to hold. This completes the
proof of Proposition 3.1. O

Example 3.2. Let us define an operator Az : X D D(A2) — X* by

> _ _ 1 3f(ncy)
(3.12) (Agu,v) = Z { [n|cn|p Y lenP™2 + nPQ} Cn — n(P* }dn,
n=1

where the function f : R — R is defined as follows: f(t) =0 for [t—1| > 1/2, f(¢) =
2t —1for1/2<t<1,and f(t) =—-2t+3for 1 <t <3/2.

We introduce the operators As g : D(As0) = X — X*, Ay : D(A45) =X — X*
as follows:

o0 o0 1
(3.13) (A gu,v) = Z lenP2cnd,,  (Abu,v) = Z 3 Cndp.
n=1 n=1

Here and in (3.12) u, v are as in (3.1).

Proposition 3.2. The operators Aa, Asg and Af satisfy all the assumptions of
Theorem 2.1, respectively, except Condition 2). However, the assertion of Theorem
2.1 1is false: zero is not an isolated critical point of As.

Proof. We can check all the conditions for Ay, Az, A5, except Conditions w) and
2), as we did in the proof of Proposition 3.1. We can also choose I'y = 0 when we
check the condition A’).

Let us prove that w) is satisfied for the operators under consideration. Let u =
{cn} belong to the corresponding set Z. defined by (1.9). Then, for n = 1,2,...,
we have

1 _ 3tf(necy)

(3.14) tnlea [P~ + |en P72 + —z | T

for some ¢ € [0,1] and 0 < ||u|| < 1. We may choose ¢ = 1. By the definition of
the function f the right-hand side of (3.14) is not zero if and only if ¢t # 0, 1/2 <
ne, < 3/2, and we have two possibilities for the value of ¢, : either ¢, = 0, or

1
(3.15) 5 <nen < g

Let us consider a sequence {u;} such that u; = {c, ;} € Z] and u; — 0. For each
J we denote by n(j) the integer with the property that ¢, ;) ; # 0 and ¢, ; = 0 for
n < n(j). For ¢,(;,; the inequality (3.15) holds and, consequently, we have

11
(3.16) llujll > =——= and n(j) — oo as j — oo.

2n(j)
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It is sufficient to prove the following convergence:

(3.17) % — 0, where w(u) = Asyu — Aju
U
and | - ||« is the norm in the space X*. We estimate both factors in the left-hand

side of (3.17). Using (3.15) we have

'« (1)
. e > (= z
(318) iz (5) 27 (3)

where ZELJ ) denotes summing over all n such that ¢, ; # 0.
Taking into account that X* = ¥, p/ = £ and using (3.15) we have the

p—1’
estimate
(3.19)

” () ) () G (1"
ot <3 Snlenst e+ (1) F <mX (2))

where po, ps are positive numbers depending only on p.
From (3.18), (3.19) and the definition of n(j) we have

1 1-2

Sien{s () {2 0T

n n=n(j)

where the right-hand side of the last inequality tends to zero by virtue of (3.16). This
completes the proof of the fact that Condition w) is satisfied for our operators.
Condition 2) of Theorem 2.1 is not satisfied because Aw; =0, j = 1,2,...,
where u; = {¢, ;} with ¢, ; = 1/n for n = j and ¢, ; = 0 for n # j. The sequence
{@;} belongs to Z] and the weak limit of the sequence {@;/||w;||} is zero. The
assertion of Theorem 2.1 is not true for the operators under consideration because
{@;} is a sequence of critical points of the operator A, which converges to zero. This
completes the proof of Proposition 3.2. |

Example 3. Let us define an operator Az : X D D(A3) — X* by

00 N o 1 1
3.20)  (Asu,v) = TR0 ) g (g ) [ end
( ) < 3’LL7U> nz::l {lcnl + n + mz::l om st (|u—ﬂm||> } i

where u = {c,}, v={d,}, N is a positive non-integer number and J is a positive
number satisfying

N+1 N
(3.21) 5<min{ - }
V3+1 V3+1

and v3 = [N]. The sequence {u,,} is such that the closure of {a,,} coincides with
X and

(3.22) Up € L, Up—Um &L, form, m=1,2,..., n#m,

where L is as in the proof of Proposition 3.1.
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We introduce the operators Asg o : D(Asg) = X — X*, AL : D(A}) =X — X*
by

(As ou,v) Z |cn|p
e

(Afu,v) = Z(l__+522m51n(| ! ))cndn.

[ |

(3.23)

Proposition 3.3. The operators As, Aso, A5 satisfy all the assumptions of The-
orem 2.2, respectively, zero is an isolated critical point of the operator As and

(3.24) Ind(As3,0) = (1),
where vz = [N].

Proof. We shall check only Conditions (S4)o,r and w) for the operators under
consideration because all the other conditions follow as in the proof of Proposition
3.1.

Let {u;} be an arbitrary sequence such that
(3.25)  wj € D(As), wu; — ug, limsup(Asuj,u;) <0, lim (Asu;,v) =0,

j—o0o J—0o0

for some up € X and any v € L. We may assume, via a diagonal process and passing
to a subsequence if necessary, that

1
(3.26) sin(m>—>dm as j — oo, form=1,2,...,
Uj — Um

for some numbers d,,. As in the proof of Proposition 3.1, we establish the strong
convergence of u; to up = {¢n,0} and

N  d
(327) {le,0|p_2 + 1-— E + (5 Z 2—2} Ck70 = 0
m=1

From (3.21) and (3.27) we have ¢0 = 0 for £ > N and, consequently, ug € F,, C

D(Aj3). Now, we can check that d,, = sin (||u0 — ﬂm||_1) and Asug = 0 follows

from (3.27). We have shown that Condition (S5 )¢,z is satisfied for the operator As.
Let us prove that Condition w) is also true for our operators. We consider a

sequence {u;} such that u; € Z], u; — 0, where Z] is defined by (1.9) with ¢ = 1.
We evaluate the norm of w(u;) = Asu; — Aju,; in X*:

(3.28) leoCu) 12 < s gl + % sl }

where p5 is a positive constant independent of j and

(=) = ()|
sin| ———— )| —sin | —— ||.
l[uj — tm| [ @[

It is easy to show that o; — 0 as j — oo. Thus, (3.28) implies ||u;|| ™ |lw(u;) |« —
0 as j — oo and, consequently, Condition w) is satisfied. The proof of Proposition
3.3 is complete. O

oo

O'j:ZQLm

m=1
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We introduce the operators /T’ : D(Z’) =X — X* by

(3.29) (Ayu, v) i <1 - —) .

Proposition 3.4. Assume that 0 < N < 1. Then the operators As, Asq and Zg
satisfy all the assumptions of Theorem 2.1, respectively.

Proof. In order to prove this proposition it is sufficient to note that for the operators
under consideration the set Z. defined by (1.9) is empty. The rest of the conditions
can be proved as in Proposition 3.3. |

Remark 3.1. Propositions 3.3 and 3.4 indicate that the operator A’ is not uniquely
defined by the conditions of Theorem 2.1.

Remark 3.2. Tt is easy to verify that it is impossible to extend the operator As)
outside the set D(Az) = X \ Ur-_,{@m} so that its extension is hemicontinuous.

Example 3.4. This example shows that Condition 1) of Theorem 2.1 is necessary
for the use of the splitting argument in the proof of the index formula. It involves the
linear operator A’ which gives us a linear approximation to the nonlinear operator
A in the sense of Condition w).

We define the linear operators A} : D(4}) =X — X*, 'y : X — X* by

—cl—f—zcn]dl Z endn

n=2

(Tyu,v) = 2¢1dy, for u={c,}, v= {dn}

(A, v)

(3.30)

Proposition 3.5. The operators A, Ty satisfy all the assumptions of Theorem 2.1
for the operators A', T, respectively, except Condition 1). However, the assertion
of Lemma 4.2 for these operators is false.

Proof. Tt is easy to check that the operator Ty = (A} +T4) Ty : X — X is defined
now by Tyu = 2¢, for u = {¢,}. From the definition of T'y, T; we know that
these operators are compact. It is also easy to verify that Conditions (S")r, A’) are
satisfied by the operators under consideration, respectively.

The invariant subspaces Fy and Ry of the operator Ty are defined by

Fy={u={c,} €X : ¢, =0, forn > 2},
={u={c,} € X : 1 =0},

and the splitting X = Fy + R4 corresponds to the splitting given by (2.2).
The operator TI4(A) + T'4) "t is defined now for h = {h,,} € (A} +T'4)X by the
formula

M4 (A, 4+ Ty) th=hy — Zh
and it is clear that it is an unbounded operator.
We shall prove that
(3.31) X* = (A, +T4)Ry.
In fact, if (3.31) is not true, there exists w = {wy} € X such that w # 0 and
(3.32) (A +Ty)r,wy =0 forallr = {r,} € Ry.
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This says
= = rw
(3.33) Zﬁ-wl—i—z =0,
n=2 n=2
Since r is an arbitrary element of R4, we obtain from (3.33)
(3.34) w1 +w, =0, forn=23,....
If w; = 0 then we have from (3.34) w, = 0 for n = 2,3,..., which contradicts
the assumption that w # 0. If wy # 0, then we have from (3.34) w,, = —w; for all
n=2,3,.... In this case w ¢ X, i.e., a contradiction.

Since (3.31) is true, the sum
(A} +T4)Fy + (Ay +T4) Ry

is not direct. It follows that the assertion of Lemma 4.2 for A, I'y is false. This
finishes the proof of Proposition 3.5. O

4. THE PROOF OF THEOREM 2.1

We show first that zero is an isolated critical point of the operator A. Assume
that the contrary is true: there exists a sequence {u;} such that

(4.1) uj € D(A), Au; =0, u; #0, u; —0.
By the definition of the set Z. in (1.9) we obtain that u; € Z. for all large j. Then
from the condition C') it follows that the weak closure of the set {vj = u;/||u |}

does not contain zero. We may assume that v; — vg, vy # 0.
Using the condition w) and (4.1) we have

jhlgo<Alvg'v U;> =0, jlggo<A/v§‘a ’U> =0,

for an arbitrary v € L. From the last equalities above and (S")r, we get A'vj, = 0,
which contradicts Condition A’) of the theorem. Consequently, the first conclusion
of the theorem is now established.

At this point we need to recall some properties of the degree of densely defined
operators. Choose a sequence {F;}, j € N, such that, for each j € N,

(4.2) Fye F(L), F;CFjy, dimF;=j, L{F}=2X,

where L is the subspace of X such that L = X and F(L) is the family of all
finite-dimensional subspaces of L. Moreover,

L{F;} = F;.
j=1
We let {v;} be a sequence in X such that Fj is the span of {v1,...,v;}. We
define, for every j, the finite-dimensional approximation A; of the operator A by
the formula
J
(4.3) Aju = Z(Au, v;)v;, for uw € F; N Do,
i=1

and assume that the operator A satisfies the conditions of Theorem 2.1.
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The degree Deg(A, D,0) is defined in [3] for the operator A w.r.t. an arbitrary
open subset D of X provided that

(4.4) Au #0, for u e D(A)NdD, D C Dy.

This degree is defined by

(4.5) Deg(A, D,0) = lim deg(A;, D;,0),
j—o0

where deg(A;, D;,0) is the degree of the finite-dimensional mapping A; defined by
(4.3) and Dj = DN F;. It has been shown in [3] that deg(A4;, D;,0) is well defined,
and that the limit (4.5) exists and does not depend on the choice of the sequences
{F;}, {v;}. We need a homotopy invariance property for this degree.

Definition 4.1. Let A; : X D D(A4;) — X*, t € [0,1], be a family of nonlinear
operators such that Do N L C D(A;), for ¢ € [0,1]. We say that the family {A;}
satisfies Condition (S+)éf)L w.r.t. the open set D, D C Dy, if there exists a sequence

of subspaces {F}; } satisfying Condition (4.2) and such that for any sequences {u;} C
L{F;}N oD and {t;} C [0,1] the assumptions u; — ug, t; — to,

(46) hm <At] (uj)v uj> =0, hm <Atj (uj)a ’U> =0,

j—o00 j—oo
for some ug € X, top € [0,1] and any v € L{F;} imply the strong convergence of
{u;} and Ay, (uo) = 0.

Definition 4.2. Let A% : X > D(A®) — X* i = 0,1, satisfy Conditions
A1), Ay) with a common space L and a common set Dg. The operators A(®), A
are called “homotopic” w.r.t. the open set D, D C Dy, if there exists a one-
parameter family A; : X D D(A;) — X*, t € [0,1], satisfying Condition (S+)(()f)L
w.r.t. D and such that:

1) A(O) = Ao, A(l) = A1 and
(4.7) Ai(u) #0, forue D(A:)NAD, te€[0,1];

2) for every space F' C L{F;} and every v € L{F;} the mapping a(F,v) :
F x[0,1] — R, defined by

a(F,v)(u,t) = (Aru,v),

is continuous.

The following homotopy invariance property was shown by the authors in [3]: if
A AM satisfy the conditions of Definition 4.2, then
(4.8) Deg(A®, D,0) = Deg(AY | D,0).

We shall say that the family {A4:} is a homotopy realization of the operators
A© - AM) if all the conditions of Definition 4.2 are satisfied.

The proof of the index formula is based on the following lemmas involving aux-
iliary homotopies.

Lemma 4.1. Assume that the conditions of Theorem 2.1 are satisfied. Then there
erists a positive number r1 such that:

1) fort €0,1], u € D(Ail)), 0 < ||u|| < r1, we have Ail)(u) # 0, where
(4.9) AN (u) = tAu+ (1 —t) [Agu + A'ul;
2) the operator Ag + A’ satisfies Condition (S1)r;
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3) the family {Ail)} is a homotopy realization of the operators A and Ay + A’
w.r.t. By(0), where r is any number from the interval (0,r1].

Proof. The proof of the first assertion of this lemma is analogous to the proof of
the fact that zero is an isolated critical point. We only need to mention that here
we also make use of the property Ap).

Let us prove the second assertion of the lemma. Let {u;} be a sequence in
D(Ap) N D(A’) such that

(4.10)
u; — ug, limsup(Aou; + A'uj — h,u;) <0, lim (Agu; + A'uj — h,v) =0,
j—o0

Jj—o0
for some up € X, h € X* and any v € L. We may also assume that
(411) Aon — ho, <AOUj, Uj> — aop,

for some hg € X*, ag € R.
We first establish the inequality

(4.12) <h0, U0> S agp.

If (4.12) is not true then we have

(4.13) hm <A0U,j — ho,’u,j> <0, hm <AOU,j — hQ,U> =0,
Jj—o0 Jj—o0

for any v € L, and the strong convergence of the sequence {u;} follows from (4.13)
by Condition (S )y for the operator Ag. Thus, the first limit in (4.13) must be
equal to zero. This contradiction proves the inequality (4.12).

Using (4.12) we derive from (4.10)

(4.14) limsup(A'u; — h',u;) <0,  lim (A'uj —h',0) =0
j—oo

Jj—oo
with b/ = h — hg and any v € L. By virtue of (4.14) and Condition (S’)1, for the
operator A’ we obtain

(4.15) up € D(A"), A'ug=h—ho, lim (A'uj,ug) = (b, up).
j—)OO

In order to prove the strong convergence of {u;} we first note that
(Agu; — ho,us) = (Aouj + A'uj,uj) — (A" +T)(uj — ug), u; — uo)
+ ((uj — uo), uj — uo) — (A'ug, uj — ug)
— (A'uj, uo) — (ho,uj).

Using (1.7), (4.10), (4.15) and the compactness of the operator I' we obtain from
the last equality above

(4.16) lim SUp<AOUj - ho, ’Ltj> <0.

Jj—oo
The last equality, (4.10), (4.11) and Condition (S4)r for the operator Ay imply
(4.17) uj — ug, up € D(Ag), Aouo = ho.

Now, the second assertion of the lemma follows from (4.15) and (4.17).

Let us prove the third assertion of the lemma. Taking into account the first
assertion and the properties of the operators A, Ay we need to prove only Condition
(SJF)((;:)L for the family {Agl)} and the ball B,.(0), r € (0,71]. We choose an arbitrary
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sequence of subspaces { F;} satisfying the condition (4.2) and let {u;}, {¢;} be such
that

Uu; € L{FJ} N 0B,(0), tj € [0, 1], uj — ug, tj —to
and

(4.18) lim (A (u;),u5) =0, lim (A (uy),0) =0,

j—o0 j—o0
for some ug € X and any v € L. We may also assume that
(4.19) Aouj — ho, (Aouj,u;) — ao,
for some hg € X*, ag € R.
We can show that
(4.20) (ho,uo) < ag
as we did in the case of (4.12). Using (4.20) we derive from (4.18)

lim <tjAUj + (1 - tj) [A/u]‘ + ho] ,Uj> <0,
j—oo

(4.21) )
lim (t;Au; + (1 —¢t;) [A'uj + hol,v) =0,
j—00

for any v € L.
By conditions (2.1) and (1.7) we have

(1.22) (Auj uy —v) > ~C'(),  (Auzu;—v) = ~C'(v),

where the positive number C’(v) depends only on v. From (4.21) and (4.22) we
obtain the estimates

til(Auj, ug)| <ei, (1 —t5) (A uj,u5)| < e,

(4.23) tj|<AUj,Uj>| < 02(1))’ (]_ — tj)|<A’uj,U>| < CQ(U)v

with a positive constant ¢; and a positive number c3(v) depending only on v.
We now consider separately three possible cases: a) 0 < tg < 1; b) o = 0; ¢)
to = 1. In the case a) we obtain from (4.21) and (4.23)

hm <t0AU,j + (1 — tQ)AI’U,j + (1 — to)ho,’u,j> S O7
J—00

4.24
( ) hm <t0AUj + (1 — tQ)AI’U,j + (1 — f,())h(),’l)> =0.
j—o0

Using now Condition (5S4 )y, for the operator A + [(1 — t)/to] A" we get
(4.25) u; — ug, toAug + (1 — f,())A,U,Q + (1 — to)ho =0.

The strong convergence of {u;} implies

im <A0u]‘ - ho,u]‘> = 0,
J—=©

4im <A0u]‘ - h0,1)> = 0,
j—o00
for any v € L. By Condition (Sy); for the operator Ay we obtain hg = Aguo.
Consequently, from (4.25) it follows that Ag)(uo) = 0, with ug € dB,(0), which
contradicts the first assertion of the lemma. We have established that case a) is
impossible.

Let us consider now case b), tg = 0. From (4.21) we derive

(4.26) jlirgo<tjAuj + (1 —t;) [A'uj + ho] ,u; —v) <0,
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for any v € L. By virtue of (4.22) and (4.23) we get
(4.27) lim (A'uj + ho,uj —v) <0,
j—oo

for any v € L. Since (4.27) is true for any v € L, we obtain immediately that
(4.28) lim <AIUj + ho, ’U> =0,
j—o0

for any v € L. From (4.27), (4.28) and Condition (S’)r for the operator A’ we
conclude that

(4.29) ug € D(A"), A'ug+ho =0, m (A'uj, ug) = —(ho, uo).

i
j—oo
We now check that u; — o, up € D(Ag) and Agug = ho. This follows exactly as
(4.17) was established from (4.15) and (4.16). Thus we have

Aogug + A/UO =0, wg€ D(Ao) n D(A,), HUOH =r,
which contradicts the first assertion of the lemma. We have established the impos-
sibility of the case b).

Let us now consider the last case c), to = 1. From (4.22), (4.23) and (4.26) we
derive

(4.30) lim (Auj,u; —v) <0, forvelL.

j—ro0
Since v is arbitrary in L this inequality is possible only if
(4.31) lim (Auj,v) =0, forve L.
j—ro0
From (4.30), (4.31) and Condition (S4); for the operator A we conclude that

u; — up and Aug = 0. Thus, we have reached a contradiction with the first assertion
of the lemma. This is the end of the proof of Lemma 4.1. O

We define the subspaces F'*, R* of the space X* by
(4.32) F*=(A+T)F, R*=(A+T)(D(A)NR),
where F, R are the subspaces of X from (2.2). It is easy to see that FF C D(A").

Lemma 4.2. We have the splitting
(4.33) X*=F*+R".
The sum in (4.33) is direct.

Proof. At first we prove (4.33). If X* # F* + R* then there exists an element
w € X, w # 0, such that

(A" +TD)u,w) =0, for allu e D(A").

This means that w € D((A’ + T')*) and (A’ + I')*w = 0, but this is impossible by
virtue of (1.7). This contradiction proves (4.33).

To show that the sum in (4.33) is direct, assume the contrary. Then there exist
feF, f#0,and asequence {r;} C D(A’) N R such that

(4.34) lim (A" +T)(f +r;) =0.
j—o0
Evaluating the operator II(A’ + T')~! on (A’ 4+ T')(f + r;) and using (4.34) and

Condition 1) of Theorem 2.1 we obtain f = 0, i.e., a contradiction to the assumption
f # 0. The proof of Lemma 4.2 is complete. O
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According to (4.33), every h € X* can be written as f*+r*, where f* € F*, r* €
R* are uniquely determined. Consequently, we can define a bounded linear operator
P*: X* — F* by

(4.35) P*h=f* forh=f"+r", ffeF* r"eR".
We also define the functional § : D(Ag) — R by
(4.36) 0(u) = max{0, 0021121«[ — P9 Aou, (I — 7T)u),

where c is a positive number to be defined below. In particular, we assume that
(4.37) d(u) <1, forue D(A), ||lu|| <r,
where 71 is the number from Lemma 2.1.

Lemma 4.3. Assume that the conditions of Theorem 2.1 are satisfied. Then there
erists a positive number ro such that ro < r1 and:

1) AEQ)(U) # 0 holds fort € [0,1], u € D(Aﬁz))7 0 < ||ul| < re, where
AP (w) = [t+ (1= 000w} Agu + A'u;

2) the operator A(()Q), A(()Q) (u) = 6(u)Agu + A'u, satisfies Condition (Sy)o.L;
3) the family {AEQ)} is a homotopy realization of the operators Ag+ A’ and A(()Q)
w.r.t. each ball B, (0), r € [0,ra].

Proof. Taking into account Condition 2) of Theorem 2.1 we can prove the first
assertion of the lemma as we did in the proof of the part of that theorem concerning
the fact that zero is an isolated critical point.

Let us prove the second assertion of the lemma. Let {u;} C D(Ag) N D(A’) be
such that u; — ug and

(4.38)  limsup(d(uj)Aouj + A'uj,ug) <0, lim (d(u;)Agu; + A'uj,v) = 0,

j—o0 J—00
for some ug € X and every v € L. We may also assume that
(4.39) Aouj — ho, (uj) — do, (Aouj,u;) — ao.
As in the proof of Lemma 4.1, we can establish (4.12) and
(4.40) up € D(A"), A'ug = —dpho, jliIgO<A'uj,uo> = —do(ho, up)-

We shall consider, separately, two cases: a) dgp > 0; b) Jp = 0. In the first case we
can work as in the proof of assertion (4.17) in Lemma 4.1 to establish that

(4.41) Uj — Ug, UQ S D(Ao), Aouo = ho.

From (4.39), (4.41) we get 6o = 6(uo) and from (4.40), (4.41) we see that A(()Q) (up) =
0. Thus, we have verified the validity of Condition (S4 ), for the operator A(()Q) if
do > 0.

In the case b) we show first that either ug # 0, or u; — 0. From the definition
of 6(u) we obtain the existence of a sequence 7; € [0, 1] such that

hm <(I - P*)Aouj, Uj — TjTUj> <0.
J—oo

If up = 0, then the last inequality implies
hm <A0U,j — ho, ’Ltj> S 0

J—0o0
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and, by virtue of Condition (S4 ) for the operator Ay, we obtain u; — 0.

Since the case u; — 0 is trivial, we need to consider only the case ug # 0. Then
from (4.40) we have A’ug = 0, which contradicts our assumption A’). This completes
the proof of the second assertion of the lemma.

The proof of the third assertion of the lemma is similar to the proof of the second
assertion. The lemma has been proved. O

Lemma 4.4. Assume that the conditions of Theorem 2.1 are satisfied. Then there
exists a positive number ¢ such that for ¢ in (4.36) with 0 < ¢ < ¢ the following
statements are true, where the number ro is as in Lemma 4.3.

1) AEB)(U) #0, fort €10,1], u € D(Ag) N D(A"), 0 < |Ju|| < re, where
(4.42) Ag‘g)(u) =§(u)Agu + tAu + (1 — t){—(A" + D)u + (A" + T)(I — M)u},
with I defined in (2.4).

2) the operator A(()?’), defined by (4.42) for t =0, satisfies Condition (S+)o,r;

3) the family {Aig)} is a homotopy realization of the operators A(()Q) and A
w.r.t. each ball B,(0), for r € (0,rq].

(3)
0

Proof. We shall prove the first assertion of the lemma by contradiction. Assume
that there exist ug € D(A) N D(A’), to € [0, 1], such that

(4.43) AP (ug) =0, 0 < [lugl < ro.

Let fo = ug, ro = (I —I)ug. Noting that

(4.44) Alu=(A"+T)I —T)u, forue DA,

we can rewrite (4.43) in the form

(4.45) d(uo)Aouo + (A" +T){(2to — 1) fo — toT fo + 10 — toTro} = 0.

Using the invariance property of F and R w.r.t. the operator T' we have from (4.45)
8(uo) P* Agug + (A" + D) {(2to — 1) fo — toT fo} = 0,
(5(UO)(I — P*)Aouo + (A, + F){To — toTTo} = 0,

where P* is the operator defined by (4.35).

We consider first the case d(ug) = 0. From (4.46) and (1.7) we obtain
(447) (Qto - 1)f0 - tono = 0, ro — toT?“o = 0.
Using the definitions of the subspaces F' and R we obtain from (4.47) fo =0, ro = 0,
which say that ug = fo +ro = 0, i.e., a contradiction to (4.43). Thus, the case
d(up) = 0 is impossible.

Let us now assume that 6(ug) # 0. Noting that the equation

(A +T){(2t—=1)f —tTf}=0, fe€F,

has only the zero solution in the finite-dimensional space F, we can prove the
inequality

(4.48) 7] < ex- min (4" + D) (2t = 1)f =71},

(4.46)

for every f € F and some positive constant ¢; independent of f. Using (4.48) we
obtain from (4.46)

(4.49) [ foll < creal P*(|6(uo),
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where ¢ = sup{||Aou|| : ©u € D(Ap), ||ul| < r2}. From (1.7) and the second equality
in (4.46) we have

(4.50)
<(I — P*)Aouo, ro — toTTO> = —

1
(5(’110) <(A, + F)(To — toT?“o), ro — toT?“0> S 0.

Using (4.49), (4.50) and the definition of §(u) from (4.36) we deduce
6(uo) < (I — P*)Aouo, uo — toT'uo)
< (I = P*)Aouo, fo — toT fo)
< carc3| P11 = PF|(L + |IT])5(uo)-

This leads to a contradiction if we set ¢ < ¢;, where
_ 1 « « _
(4.51) L= 5{6163HP I =PI+ TIH} 1

The proof of the first assertion of the lemma is now complete.
To prove the second assertion of the lemma, let {u;} be a sequence such that
Uu; € D(Ao) N D(A,), u; — Uo,

(4.52) Jim (AGY (ug),uz) <0, Jim (A (uy), 0) =0,

for some ug € X and any v € L. We may also assume that (4.39) is true. As in the
proof of Lemma 4.1, we can establish the inequality (4.12) and

Uy € D(A/), A/UO = —doho + 2(1 — to)(A, + F)HUO — (]. — to)PUo,

(453) jg%<A’uj, u0> = <A/’U,07U;0>-

If §p # 0 we get
Uj — Ug, U S D(Ao), AoUo = ho,

as in the proof of assertion (4.17) of Lemma 4.1. Using (4.53) we complete the proof
of the second assertion for dg # 0.

If 9 = 0 then, as in the proof of Lemma 4.3, we have that either ug # 0 or
uj — 0. The case u; — 0 is trivial. If uy # 0, then we obtain from (4.53)

(454) tQA/’U,O —|— (1 — to){—(A, —|— F)H’U,O —|— (A, —|— F)(I — H)’U,Q} = 0

From this follows that ug = 0 as in the proof of the first assertion of the lemma. We
now have a contradiction, and the proof of Condition (S4 )¢,z for the operator A(()3)
is complete.

The proof of the third assertion of the lemma is similar to the proof of the second
assertion. This completes the proof of Lemma 4.4. O

The next homotopy will reduce the calculation of the index of the critical point to
the corresponding problem for operators defined everywhere on some neighborhood
of the critical point. This reduction will be connected with a reconstruction of the
operator K which was introduced at the beginning of Section 2.

Let {f1,...,f.,} be a basis of the linear space F' from (2.2). Then the action of
the operator P*, defined by (4.35), is given by

(4.55) Ph = i(h, wi) (A +T) fi,

i=1
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where w; € X, i =1,... v, satisfy the following conditions:
(4.56) (A" + D) fj,wi) = b5, (A" +TD)r,wi) =0,

fori, j=1,...,v, r € D(A") N R. Here, 0;; = 1 if i = j and zero otherwise.
The operator II, given by (2.4), may be written in the form

v

(4.57) Mu = (hi,u)fi,

i=1
where h; € X* i=1,...,v, satisfy the conditions:
(458) <hi;fj>:6ija <hi,7“> =0, fori, j=1,...,v, r€R.

Consider the matrix D with entries
dij = (hiywy), i, j=1,...,v.

We show that its determinant is not zero. Assume that the contrary is true. Then
we can find

(4.59) @zZijj#Osuch that (h;,w) =0, i=1,... 0.

j=1

We shall prove that w € D((A’ +T')*) and
(4.60) (A" +T)*W=h, whereh= Zéjhj.
j=1

It is necessary to establish the equality

(4.61) (A’ + T, @) = (),

for an arbitrary u € D(A"). If u € D(A’) N R then (4.61) follows from the second
equalities in (4.56) and (4.58). If u = f; we obtain (4.61) from the first equalities
in (4.56) and (4.58) and the formulas for w, h. We have thus shown (4.60) and
from (4.59) we get (A’ + T')*w,w) = 0, which is a contradiction in view of (1.7).
Consequently, the matrix D is invertible. We denote by c¢;; the entries of the matrix
D1 We have

(462) chi<hi,wj>:6kj, for If, j:]., , V.
i=1
We introduce the operator K:X — X* by
(4.63) Ku=Ku— Z cri (K u, wi)hg,
kyi=1
where K is the operator in Condition X2) at the beginning of Section 2. We have

the following properties of the operator K :
(4.64) P*KX = {0}, (Kr,r)>0, forreR, r#0.
The first of (4.64) follows immediately from (4.55) and (4.62). The second follows

directly from (4.58) and the positiveness property of the operator K.
Define the functional § : D(A;) x [0,1] — R by

(4.65) 6(u,t) = max{0,¢ min (I — P*)Au, (I —7T)u)},

i
0<7r<1
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where Aju = (1 — t)Ju + tAgu. Here, J is the operator of Condition X;) at the
beginning of Section 2 and ¢ is a positive number to be chosen below.

Lemma 4.5. Assume that the conditions of Theorem 2.1 are satisfied. Then there
exists a positive number ¢y such that for ¢ in (4.65) with 0 < ¢é < ¢ the following
statements are true with r3 = min{r, ro}, where r, ro are the numbers in Condition
X1) and Lemma 4.3, respectively.

1) AV () £0, fort €0,1], u€ D(AY), 0 < |Jul| < rs, where
(4.66) AW () = §(u, ) {tAgu + (1 — t)Ju} — (A’ + D)Tu
' FHA + D) - Mu+ (1 — )K (I — M,
with the operators 11, I?, J defined by (2.4), (4.63) and Condition X1), respectively;
2) the operator A(()4), defined by (4.66) for t =0, satisfies Condition (S+)o,x;
3) the family {A§4)} is a homotopy realization of the operators A(()?’) and A(()4)
w.r.t. every ball B,(0), for r € (0,rs].

Proof. The proof of the first assertion of the lemma is analogous to the proof of
the first assertion of Lemma 4.4. We only need to note that we now should use, in
addition, the properties (4.64) of the operator K. The number s is defined by

_ 1. N flln—
2 = glae P - P} L
where
& = sup{||Apu| : we D(A), Ju| <rs, te(0,1]}

and ¢; is the constant from (4.48).

We can prove Condition (Sy)o x for the operator A(()4) as in the proof of the
second assertion of Lemma 4.4. We only remark here that the property (S’)x for
the operator K is clear.

Let us prove the third assertion of the lemma. We only have to verify the validity
of Condition (S+)(()f)L for the family {A§4)} w.r.t. the ball B.(0), 0 < r < rs. Let
{u;}, {t;} be such that

u; € L{FJ}, Hu]|| =r, t;€ [0, 1], uj — ug, tj — to,

(4.67) tim (AD (), ;) = 0, lim (AD (), v) = 0,
j—oo o j—oo

for some ug € X, to € [0,1] and every v € L{Fj;}, where {F}} is a fixed sequence of
subspaces of the space L satisfying the condition (4.2). We may also assume that
the following are true with some hy, h € X*, ag, a, do, ko € R :

(4.68) Aouj — ho, ~Juj —h, ~<A0u]:uj) —ag, (Juju;) —a,

O(uj,t;) — 0o, (Kuj,uj) — ko.
As in the proof of (4.12) we establish the inequalities

(4.69) (ho,uo) < ao, (h,uo) <a.

We note that from (4.64) we obtain

(470) <I?'U;Q,'U;Q> < ko.
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Using (4.69) and (4.70) we derive from (4.67)
(4.71) j{%<tjA/Uj +h u;) <0, jlirgo<tjA’uj +h,v) =0,

where
K = go[toho + (1 — to)E] — (A, + F)HUO — toA/HuO

+ toF(I — H)UO + (]. — to)K(I — H)UO

We now apply Condition (5’)r, for the operator A’ and the sequence u; = t;u;, and
we obtain

(472) toug € D(A/), A/(touo) = —h/, hm <tjA'uj,t0u0> = —t0<h',u0>.

j—oo
We consider three possibilities:
a)to#0, 0£0; b)d=0; c)tog=0, 0#0.
In the case a) we obtain from (1.7), (4.67) and (4.72)
1 —to)Ju; — toho — (1 — to)h],u;) <0

(4.73) lim (d[toAou; + (
J—o0

as in the proof of the inequality (4.16). From (4.68) and (4.73) we conclude that at
least one of the following inequalities holds:

im (Aou; — ho,u;) <0, lim (Ju; —h, uj) <0.
—00 J—00

J

Thus, using Condition (S4);, for the operators Ay, J we arrive at the strong con-
vergence of {u;} to ug and the relations hg = Aguo, h = Jug, 6 = 6(uo,to).
Inequality (4.72) implies now Aggl) (uo) = 0 and the proof of Condition (S+)(()t7)L for
the family {A§4)} is complete for the case a).

Case b). We first show that uy # 0. From the definition of &(u,t) we obtain the
existence of a sequence 7; € [0, 1] such that

hm <(I — P*)[(l — to)Ju]‘ + tvoUj],u]‘ — TjTu]‘> S 0.
J—00

If up = 0 the last inequality implies

lim (1 —to)[Ju; — E] + tolAouj — hol,uj;) <0

j—oo
and, as in Case a), we obtain from (4.68) and the last inequality the strong conver-
gence of {u;} to ug. This is impossible because ||u;| = 7.

From (4.72) we obtain, in the current case b),

—(A/ + F)H’U,O + tQ(AI + F)(I — H)’U,O + (1 — to)K(I — H)’U,o = 0,

from which we have ug = 0 as in the proof of the first assertion of Lemma 4.4. This
is a contradiction. Qonsequently, Case b) is also excluded.
Case ¢), to =0, 0 # 0. From (4.67) and (4.70) we derive

(4.74) lim (8 Ju; + t;A'uj + K (I — Mg — (A" + T)ug, u; — v) <0,
Jj—00
for every v € L{F;}. From (4.74) and (4.22) we get
(4.75) lim (8 Ju; + K (I — Mug — (A’ + D)Tug, uj — v) < 0.
j—oo
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Since this is true for all v € L{F};}, we obtain immediately
(4.76) lim (80 Ju; + K (I — M)ug — (A’ + D)Ilug, v) = 0,
j—oo

for all v € L{F};}. From (4.75), (4.76) and Condition (Sy) for the operator J we
conclude that

u; — ug, (’U,Q7 Jug + I?(I - H)UO - (A/ + F)HUO =0

0)
and establish Condition (S+) )L for the family {A§4)} in the case c¢). This ends the
proof of Lemma 4.5. O

We are now ready to calculate the index of the operator A at the critical point
zero by using the previous lemmas and the fact that the degree is invariant under
homotopies. We fix the value of ¢ in (4.65): ¢ = €2, where ¢; is defined in Lemma

4.5.
From Definition 1.4, (4.8) and Lemmas 4.1, 4.3-4.5 we obtain immediately

Lemma 4.6. Assume that the conditions of Theorem 2.1 are satisfied. Then

(4.77) Ind(A,0) = Deg(A(", B,.(0),0),

where Aé4) is the operator introduced in Lemma 4.5 and r is an arbitrary number
from the interval (0, r3].

We note that the operator A( ) is defined everywhere on the ball B,.(0). We can
now choose a sequence {Fj} Wthh satisfies condition (4.2) for L = X. We select
this sequence in such a way that

(4.78) F,=PX, FCF,,

where P is the adjoint of P* defined by (4.55) and F' is the subspace from the
splitting (2.2). We select a complete system {v;}, i =1,2,..., in such a way that
each subspace F} is a linear combination of the elements vy, ... ,v;. We may assume
that v; = w;, for i < v, where w; are the same as in (4.55).

We define a finite-dimensional approximation Ag}])» of the operator A(()4) according

to the formula (4.3):

(4.79) A (u) = i(A( )(u),vi)vi, for u € F; N By, (0).
=1

By the definition of the degree mapping by (4.5), we may choose, for a given number
r € (0,r3], a number j(r) such that

(4.80) Deg(ASY, B,(0),0) = deg(ASY), B,.;(0),0), for j > j(r),
where B, ; = B,.(0) N Fj.

Lemma 4.7. Assume that the conditions of Theorem 2.1 are satisfied. Let rq be a
fized number from the interval (0,73] and jo = 2v + j(ro). Then the equation

(4.81) A (w) =0

has only the zero solution in By, j,(0).
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Proof. Assume that the contrary is true: there exists a solution u of (4.81) in
Byy.j,(0) such that @ # 0. We have from (4.66), (4.79) and (4.81)

(4.82) (5(@,0)Ju— (A +T)f + K7, v;) =0, i=1,...jo,

where f = IIu, 7 = (I — II)@. Using our choice of v1,... ,v,, the definition of the
operator P* in (4.55) and the equality in (4.64) we obtain from (4.82)

(4.83) 5(w,0)P*Ju = (A" + ) F,

from where, using (4.48), the estimate

(4.84) 1]l < exéa|| P*(16 (. 0)

follows with the same @ as that in the proof of Lemma 4.5.
From (4.82) and (4.83) we derive

(4.85) (6(w,0)(I — P*)Ju+ KF,v) =0,

for every v € Fj,. Using the fact that F' C Iy, from (4.78) we have f € F}, and,
consequently, 7 € Fj,. Thus, from (4.85), with v =7, we obtain

(4.86) 8(w, 0)((I — P*)Ju,7) = —(K7,7) < 0.
However, (4.84) and (4.86) imply 5(%, 0) # 0, since otherwise f =7 = 0, which
contradicts our choice of . Using (4.65), (4.84), (4.86) and our choice of é, we have
((I = P*)Ju,m) < i) P*|||I - P*||5(w,0)
< car G| PHI = P = P7)Ju, )
< %((I — P*)Ju,u)
and the contradiction follows because ((I—P*)Ju,u) > 0. The last inequality in the
last display follows from (@, 0) > 0. The proof of Lemma 4.7 is now complete. O
The next lemma is the last step in the proof of Theorem 2.1.
Lemma 4.8. Assume that the conditions of Theorem 2.1 are satisfied. Then
(4.87) Ind(A,0) = (-1)",
where v is the same as in Theorem 2.1.

Proof. From (4.77), (4.80), Lemma 4.7 and the properties of the degree mapping
for finite-dimensional spaces we deduce

(4.88) Ind(A,0) = deg(A§'), B, j,(0),0),

for every p € (0,r]. It is easy to verify that for p sufficiently small the mapping

A(()ilj)-o is homotopic on B, j,(0) to the mapping

Jo
A =N (A + D)+ K (I = T, v)vr.
i=1
Thus, Ind(A,0) = deg(Ag-i), B, ,(0),0).
The degree of the mapping Ag-i) equals (—1)” and can be computed by the well-
known formula for the degree for linear finite-dimensional mappings (see [11]). This
completes the proofs of Lemma 4.8 and Theorem 2.1 as well. |
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5. BRANCHING OF SOLUTIONS OF EQUATIONS WITH
DENSELY DEFINED OPERATORS

In this section we present an application of the previous results to the bifurcation
problem. In what follows, Dy is an open set containing the origin in a separable
reflexive Banach space X. We consider a nonlinear operator A : X D D(4) — X*
satisfying Conditions (S4)r, As), for some subspace L of X such that Do N L C
D(A), L =X.Let C: Dy — X* be a nonlinear compact operator. Assume further
that A(0) = C(0) = 0. We can easily verify that the operator A + AC satisfies
Condition (S4)r for any real A > 0.

We consider the bifurcation problem for the pair of operators A, C.

Definition 5.1. A real number )\ is called a “bifurcation point” of the operators
A, C if for every € > 0 there exist u. € D(A) and A. € R such that

(5.1) Aue + A\.Cu: =0, |de — X <e, 0<uel <e.

We study necessary and sufficient conditions that Ay be a bifurcation point. For
this, we may assume that there is some ¢ > 0 such that zero is an isolated critical
point of the operator A + AC, for each A from the interval |A — Ag| < 0, since
otherwise Ag itself would be a bifurcation point. Thus, the index Ind(A + AC,0) of
the operator A + AC' at 0 is defined for |A — Ao| < ¢ according to Definition 1.4.

Let
(5.2) i+ (Xo) = limsup Ind(A 4+ A\C,0), i*(\o) = liminf Ind(A 4+ A\C,0).

A— Aot A—=AoE
Theorem 5.1. Let A: X D D(A) — X* be a nonlinear operator satisfying Con-
ditions (S4)r, A2) and let C : Dy — X* be a nonlinear compact operator. Assume
that A(0) = C(0) =0 and that at least two of the numbers

(53) i ()\0), Z.Jr()‘o)v 1— (AO), ng()‘O)a Ind(A + AOC) 0)
are distinct. Then Ao is a bifurcation point of the pair A, C.

Proof. Let us assume that the first and the second number in (5.3) are distinct. Then
for every € > 0 we can find numbers /\él), /\g) such that 0 < \g — /\gl) <eg 0<
)\22) — e <€ and

(5.4) Ind(A+ XY C,0) # Ind(A+ 2 2 C,0).

We choose p € (0,¢) such that

(5.5) Deg(A+X9C, B,(0),0) = Ind(A + 2\9C,0), i=1,2.
Then from (5.4) and (5.5) we have

(5.6) Deg(A+ XV, B,(0),0) # Deg(A + X2 C, B,(0),0)

and, consequently, the operators A + )\él)C, A+ )\g)C are nonhomotopic w.r.t. the
ball B,(0).
Consider the family of nonlinear operators A; : X D D(A) — X* defined by

Au = Au+ [tAD + (1 = )A\PD|Cu, te0,1].

It is easy to verify that Condition (S+)(()t7)L holds for A, t € [0,1], as well as
all the other properties of a homotopic family in Definition 4.2 except, possibly,
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(4.7). However, (4.7) cannot be satisfied now because the operators A + A and

A+ )\g)C are nonhomotopic.
It follows that there exist u. € D(A) NIB,(0) and t. € [0,1] such that

(5.7) Aug + [t AN + (1 = t)AP]Cue = 0.

This proves that \g is a bifurcation point of the pair A, C. All the other possible
pairs of distinct numbers in (5.3) can be handled in a similar fashion. The proof of
Theorem 5.1 is complete. [l

Now, we are going to establish necessary conditions for a number Ag to be a
bifurcation point. We need to state new forms of Conditions w), C) from Section
1 so that they can be used in both necessary and sufficient conditions.

Assume that the operator C' has Fréchet derivative at zero denoted by C’. The
operator C’ is compact [7]. We assume that there exist a nonlinear operator Ag
satisfying Condition Ap) and a linear operator A’ : X D D(A4’) — X* such that
D(A) c D(A’) and the condition

@) for the operator w : D(A) — X*, defined by w(u) = Au — A’u, we have

wlu)
[l

holds for every A > 0 and some € > 0 depending on A, where

—0, asu—0, ueZ,,

1 1
(5.8) = U {u e D(AY) : AR () =0, 0 < [Jul| < g}.
1€(0,1]
IAl<A
Here,

AR (u) = t(Au+ ACu) + (1 — t)(Agu + A'u + AC'w).
Define the sets Z. = Z. , U Z, with

(5.9) U= U {wep) : ARw =0, 0<u <<,
te[0,1]
IA<A

where

AEQ))\ (u) = tAgu + A'u + A\C"u.

We also introduce the condition

C') the weak closure of the set

(5.10) 0671\:{1):% : uEZEJ\}
U

does not contain zero for any A > 0 and all sufficiently small positive € depending
on A.

Theorem 5.2. Let A, C satisfy the conditions of Theorem 5.1 and let C' be the
Fréchet derivative of the operator C' at zero. Assume that there exist an operator
Ap : X D D(Ayg) — X* and a linear operator A’ : X D D(A") — X* satisfying
Conditions Ag) and (S')r, respectively, as well as Conditions @) and C). Then
a necessary condition that Ao be a bifurcation point of the pair A, C is that the



THE INDEX OF A CRITICAL POINT 1629

equation
(5.11) A'u+ XC'u=0
has a nonzero solution.

Proof. Let Ag be a bifurcation point of the pair A, C and let {\;}, {u;} be such
that

1 1
AUj +)\jC’U,j =0, u; € D(A), |)\] - /\| < 3, 0< HU'JH < ;

Condition C) implies that the weak limit v of the sequence v; = u;/||u;| is different
from zero. Passing to the limit in

AUj + )ijuj

=0
s

we see by virtue of Conditions @) and (S”)r that vy is a solution of (5.11). This
completes the proof. O

A sufficient condition that Ag be a bifurcation point is given in the following
theorem.

Theorem 5.3. Assume that X is a real reflexive separable Banach space satisfy-
ing Conditions X1) and X2) of Section 2. Let A, C satisfy all the assumptions
of Theorem 5.2, respectively, and be such that (2.1) is satisfied and A + qA’ sat-
isfies Condition (S4)r for every number q > 0. Suppose that (A'u,u) > 0 for all
u € D(A") with u # 0 and that the operator T = —(A)71C" : X — X is well
defined, compact and Condition 1) of Theorem 2.1 is satisfied with T = 0. Then
each characteristic value of odd multiplicity of the operator T is a bifurcation point
of the pair A, C.

Proof. Let Ay be a characteristic value of odd multiplicity of the operator T'. Choose
a positive number dp such that the interval (Ao — dp, Ao + Jp) contains only one
characteristic value of T. For A € (Ao — dp, Ao + Jp) the operator A=A+ XC
satisfies all the assumptions of Theorem 2.1 with A=A+ ACY, Ay = Ay, I =
—AC’. Applying this theorem we obtain, for A" € (A9 — dp, Ao), N € (Mo, Ao + o),

Ind(A+N'C,0) = —Ind(A+ XC,0).

The conclusion of Theorem 5.3 follows now from Theorem 5.2. O

Remark 5.1. For a bounded operator A, or in the case of a Hilbert space X, the
restrictions on the operator A in Theorems 5.2 and 5.3 can be weakened according
to Theorem 2.4.

Remark 5.2. The conditions of Theorem 5.2 guarantee that the set of bifurcation
points of the pair A, C is discrete. In general, this set can contain entire intervals
of the real line. Relevant examples can be constructed similarly to those of Section
3. For an operator A defined everywhere, such an example can be found in [11 p.
63].
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